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The radiative-transfer coherent-backscattering (RT-CB) model is unique among light-
scattering methodologies as it can be used to calculate accurate light-scattering properties of 
sparsely populated particle volumes with sizes ranging from subwavelength to infinity. We 
use the RT-CB model to examine the evolution of light-scattering properties as a volume of 
particles increases from wavelength-sized to several hundreds of wavelengths. We examine 
the evolution of light-scattering intensity phase function and polarization, as well as linear and 
circular polarization ratios. We confirm the expected trends for backscattering features to shift 
to smaller phase angles as the volume increases. In addition, we also see the amplitude of 
these features increases to some maximum for volumes having size parameters kR ~ 100, 
before decaying to less than half this amplitude as their volumes approach infinity.   
Keywords: light scattering; agglomerate; polarization; coherent backscattering; radiative transfer; 
opposition effect 
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1. Introduction 
Over the last few decades, significant progress has been achieved in calculating the 
scattering properties from irregularly shaped particles (cf., recent special issues in this journal 
[1,2]). Significant theoretical effort has resulted in different algorithms to meet this challenge. 
One deficiency of the methodologies is they can be applied over only a limited range of 
particle sizes. Numerical methods like the discrete dipole approximation (DDA) [3-5] and the 
finite-difference time-domain (FDTD) algorithms [6-8] require significant computational 
resources as particle size grows with respect to wavelength, which currently restricts the 
maximum practical particle size. One further exacerbation is that for irregularly shaped 
particles, interest often is centered on light-scattering properties averaged over particle 
orientation, which can increase the number of calculations by orders of magnitude. Various T-
matrix algorithms are more efficient at calculating such average light-scattering properties 
[9,10], but ultimately require performing matrix inversions that can be unstable as the system 
size grows. At the other end of the range of size parameter, ray-tracing algorithms are 
efficient at calculating light-scattering from particles that are large compared to the 
wavelength. However, the ray-tracing approximations are only valid for large, smooth bodies 
and tend to fail when particles size approaches the wavelength of the incident light. It is the 
intermediate range of particle size that has yet to be explored, although the gap between the 
large and small particles continues to decrease. 
Interest in this intermediary region between large and small particles is also application 
driven. Improved algorithms and computational abilities have made it possible to calculate 
light-scattering properties from highly irregular particles that resemble dust or agglomerated 
debris [11,12]. The light scattering from such model particles has been shown to agree well 
with that of real dust particles [13]. Clusters of spheres are another irregularly shaped model 
particle for which the scattering properties can be calculated exactly using the superposition 
T-matrix method (STMM) [14,15]. The scattering features of these particles have been shown 
to resemble those of naturally occurring particles [16,17]. This resemblance has been used to 
retrieve physical properties associated with atmospheric aerosols [17,18] and cometary dust 
[19-28], for instance. For these reasons different particle types have been generated and their 
properties studied ([26-30], for instance). 
One issue that has arisen relates to the behavior of the scattering phase function as the 
sizes of these irregular particles grow into the intermediate range. For example, the light 
scattered by cometary coma tends to be polarized in the TM state at small phase angles α < 
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20°. Because polarization usually is defined as the difference between the intensities of the 
TE state and TM state, the polarization acquires a negative sign and this region is referred to 
as the negative polarization branch. It has been observed that the light scattered by the 
innermost region of the coma may have a very strong negative polarization, with depths 
reaching Pmin ~ -6% [31]. This region has been referred to as the circumnucleus halo and can 
present modeling challenges. While both the agglomerate debris particles and particles 
composed of clusters of spheres can achieve a deep negative polarization branch, the clusters 
of spheres cannot achieve this depth when the scattering properties are integrated over size 
distributions of particles that have been measured previously in cometary coma. In order to 
achieve such levels of polarization, other particle shapes are incorporated within the 
distributions [24, 32]. This necessarily results in additional fitting parameters, which is 
undesirable. However, due to current calculation limitations, the effect of larger particles on 
the polarization is unknown and it is possible that such a polarization may be achieved if the 
light scattered from these particles is especially polarized in the TM state. The question arises 
as to how the phase function evolves as the particle size increases. In simulations of the light-
scattering properties of agglomerated debris particles, a large negative polarization branch is 
shown to have a maximum for wavelength-sized particles. As the particle size further 
increases, the amplitude of the negative polarization tends to decrease [33]. Within this decay 
may be smaller, higher-order maxima associated with the interference dial mechanism 
outlined by Muinonen et al. (2011) [34]. However, these features depend on morphology and 
complex refractive index [33], and may be quite different for sparse agglomerates of small 
spheres. Answering the question of how the polarization of a sparse cluster of spheres evolves 
as the cluster size increases is one of the motivations of this work. 
While one approach to calculating optical properties of particles in the intermediate region 
has been to improve calculation efficiency in numerically intense algorithms like the DDA 
and the FDTD, another approach is to increase the range of applicability of ray-tracing type 
codes into this regime. A recent approach is to improve radiative-transfer (RT) codes by 
incorporating the physical mechanisms that are important when sizes and distances decrease 
to the order of the wavelength. One of these mechanisms is coherent backscattering (CB) that 
occurs when rays traveling reciprocal paths interfere with each other. It is known that this 
mechanism is responsible for the enhanced backscatter peak and associated negative 
polarization [35]. The effects of the near-field on the interaction terms have not been 
incorporated into the RT-CB, and it is necessary to consider sparse agglomerates until the 
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effects are known. Some investigation along this line has been performed by Petrova, 
Tishkovets, and Jockers (2007) [36]. 
 
2. Method 
The particles under consideration in this study are fluffy agglomerates composed of 
random particulate media contained within a spherical volume of radius R that fully encloses 
N identical, non-overlapping spheres of radius r and refractive index m. The packing density 
of the resulting medium is v = Nr3/R3. The wave number and wavelength of the incident light 
are k and λ, respectively.  The positions of the individual spherical particles are chosen to be 
random and uniform within the nonabsorbing volume.  
The RT-CB method is based on a Monte Carlo integration of the contributions of separate 
rays scattered into the far-field from the volume of particles [37]. The rays trace ladder and 
cyclical paths and CB is incorporated using the reciprocity relation [38]. The method has been 
generalized to include phenomenological and other types of particles [39]. Most significantly, 
results of the RT-CB method have been compared with exact results calculated using the 
superposition T-matrix method (STMM) for finite volumes of spherical particles by 
Muinonen et al. (2012) [40]. The results demonstrate strong quantitative agreement, which 
verifies the technique. Controlled laboratory experiments also have been designed to measure 
the Stokes parameters to quantify the stringency of the approximations [41]. Descriptions of 
the RT-CB are given in Muinonen and Videen (2012) [39] and Muinonen et al. (2012) [40]. It 
should be noted that the RT-CB method is based on two requirements: v <<1 and N >>1 [39]. 
The first condition ensures that each particle is located in the far-field zones of all the other 
particles. The second condition greatly reduces the probability that a ray path will include the 
same particle more than one time. No simulations have yet been made on the stringency of 
these requirements, and that task is reserved for a future endeavor. 
The goal of this work is to examine how light-scattering properties change as a function of 
particle size through the intermediate range between small and large particles. We use the RT-
CB method to calculate the properties of agglomerates of spherical particles as a function of 
the overall spherical cluster size kR. We begin with a cluster that is approximately the size of 
the illuminating wavelength λ. We then increase it in steps by three orders of magnitude. We 
expect the optical properties of the largest agglomerate particles to approach those of semi-
infinite media. 
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In our simulations, we consider four observable parameters, the total intensity phase 
function that is proportional to the Mueller matrix element P11, the degree of linear 
polarization P = -P21/ P11, the linear polarization ratio, 
 µμ!   = !!!!!!!!!!!!!!"!!!! , 
and the circular polarization ratio  µμ!   = !!!!!!!!!!!!!! . 
These represent four of the most commonly measured optical observables used in remote 
sensing.  
 
3. Results and Discussion 
RT-CB computations are carried out for specific random agglomerates composed of 
spherical monomers of refractive index m = 1.50 and size parameter kr = 1.76. We consider 
two different packing densities of v =3% and 6%. The Monte Carlo RT-CB simulations begin 
with 100,000 incident rays and require several processor hours for each case. Larger 
agglomerate systems require more rays than smaller agglomerates because of the higher 
probability of additional interactions due to the larger number of spheres composing the 
agglomerate. 
Figure 1 shows the optical properties of four different-sized agglomerates, organized in 
four rows and two columns. The first column is for agglomerates having packing densities v = 
3% and the second is for agglomerates having packing densities of v = 6%. The separate rows 
show, from top to bottom, the intensity phase function, linear polarization, linear polarization 
ratio, and circular polarization ratio. Each panel shows the phase-angle dependence for 
agglomerates having sizes kR = 10, 30, 100, 300, 1000, 3000. The kR = 3000 case is in bold, 
but the sizes also can be distinguished through their backscattering response: as the particles 
become larger, the backscattering features move to smaller phase angles. Figure 2 is identical 
to Figure 1 except that the range of phase angles spans from 0º to 30º in the backscattering 
direction. 
The first thing to note is that the forward-scattering region (α approaches 180º) is 
dominated by diffraction effects that are not incorporated into the RT-CB model. These 
effects result in the forward-scattering peak. Comparisons with the STMM in Muinonen et al. 
(2012) [40] show the extent of the errors in neglecting this effect. For example, for a kR = 40 
agglomerate, the region from α = 180° - 160° are dominated by diffraction that produces a 
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large peak that does not appear in these simulations. The magnitude of this peak increases, 
and its angular extent decreases, with agglomerate size.   
 
Intensity Phase Function 
The top panels in Figures 1 and 2 show the total intensity phase function that is 
normalized at phase angle α = 0º. There are several trends that become apparent in these sets 
of curves. As the agglomerate increases in size, the forward scattering that is not part of the 
diffraction peak decreases in magnitude until it becomes smaller than the backscattering 
region. For agglomerate size parameters kR ~ 300, the phase-function has little dependence on 
phase angle α, except for the forward diffraction peak and the enhancement in the 
backscattering region. The enhanced backscatter is more clearly shown in Figure 2. 
 Increasing the packing density v tends to enhance the backscattering portion of the 
intensity phase function. This is consistent with the CB mechanism, since increasing the 
packing density reduces interparticle separations, hence, increasing particle-particle 
interaction. These results are consistent with measurements of compressed and uncompressed 
particulate substrates described by Bondarenko et al. (2006) [42] and with the numerical 
experiments performed by Tishovets and Petrova (2013) [30] 
As the size of the agglomerate increases, the width of the backscattering enhancement 
decreases approximately inversely proportional to agglomerate size up to kR ~ 100 (see 
Figure 2). A transition seems to occur at this point, and further increasing the agglomerate 
size has a much weaker effect on the width and magnitude of the peak. By the time kR ~ 300, 
further increasing the agglomerate size has little effect on the backscattering peak height or 
width, and it would appear that once the agglomerate has reached this size, the backscattering 
intensity properties resemble those of an extended medium.  
 
Polarization  
The second row of panels of Figures 1 and 2 show the percent polarization as a function of 
phase angle α. This function has a negative polarization branch at small phase angles, and a 
larger-amplitude positive polarization branch that peaks at α ~ 90º. There are several trends 
that become apparent in these sets of curves.  
As the agglomerate size increases, the positive polarization maximum decreases in 
amplitude and shifts its position toward the forward-scattering region. This behavior has been 
seen previously in sphere clusters [25, 27, 30, for instance], as well as for Gaussian random 
[12] and agglomerated debris particles [11]. What has not been noted in previous studies is 
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that a transition again appears in the trends near kR ~ 100, and that beyond kR ~ 300, the peak 
magnitude remains nearly constant at Pmax ~ 12%. Plots of some common light-scattering 
parameters as a function of agglomerate size kR are shown in Figure 3. Figure 3b shows the 
magnitude of maximum polarization decreases almost linearly with particle size kR until kR ~ 
100, at which point its rate of change greatly decreases. Figure 3d shows the dependence of 
αmax position on size kR. Unlike peak amplitude, the peak position continues to increase 
almost linearly with kR well beyond kR ~ 100. 
The negative polarization branch has significantly different behavior than the positive 
polarization branch. As the agglomerate size increases, there are distinct transition regions 
that occur at kR ~ 100, where a minimum amplitude is reached in the negative polarization 
minimum at Pmin ~ -8%. Interestingly, the position of this deepest minimum (Figure 3) 
appears to depend on packing density v, and occurs at smaller kR for the larger packing 
densities. Also of interest is that for small particles, Pmin is deeper for greater packing 
densities; however, after passing through the region of deepest minimum, Pmin is deeper for 
lesser packing densities. As the particle approaches a semi-infinite medium, the polarizations 
appear similar, but it appears the asymptote for the higher-density medium is reached more 
rapidly. For such media, Bondarenko et al. (2006) [42] found the depth of Pmin did increase 
with packing density, but that the differences increased with particle size. For 0.5µm spheres, 
the differences between the minima were less than 0.2%, but as the sphere size increased to 
1.5µm, the differences were nearly 1.5%. It appears that when kR ~1000, the polarization 
minimum is approaching an asymptotic limit of Pmin ~ -2%, approximately one-fourth its 
maximum value. 
The angular position of the polarization minimum αmin also appears to pass through a 
transition region at kR ~ 100 (Figure 3). For smaller particle sizes, the minimum position 
shifts to smaller phase angles as kR increases. This is consistent with the CB mechanism for 
increasing particle separation distances and the greater pathlengths experienced by sparse 
agglomerates. However, once the particle grows significantly greater than the mean free 
pathlength, saturation is reached and αmin now approaches the asymptotic limit of a semi-
infinite medium. 
Unlike the angular position of the polarization minimum αmin, the angular position of the 
polarization maximum αmax does not pass through an obvious transition region at kR ~100. It 
continues to increase as kR increases. Unlike the position of the polarization minimum, CB 
does not play a role in the position of the polarization maximum. This position is determined 
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by a number of factors, including the interference of the individual rays from the different 
particles making up the agglomerate. 
Linear Polarization Ratio 
The third row of panels of Figures 1 and 2 shows the linear polarization ratios. Like the 
polarization phase function, the linear polarization ratios have a branch in the backscattering 
that depends on coherent backscattering and another branch at intermediate phase angles that 
does not.  
The primary feature is a large-amplitude maximum that appears in the backscattering 
region at α ~ 50°. The width and height of this maximum grow with particle size kR, and the 
amplitude approaches unity as kR approaches infinity. Within the backscattering region (third 
row of Figure 2), minima appear that are remarkably similar to those of the polarization 
response (second row of Figure 2). While the overall amplitude of the linear polarization ratio 
is greater for the denser medium, as the particle size increases kR >> 1, the responses appear 
to reach the same limiting values. In Figure 3 we present the linear polarization response in 
the exact backscatter (α = 0°), which is an easily measured remote-sensing parameter. While 
this parameter tends to be greater for the denser particles, they approach the same value as kR 
grows toward infinity. One trait of the linear polarization ratio is that the backscattering 
maximum becomes a minimum as slabs become optically thick. This was demonstrated as 
sphere density increases for the same size particles [43]. In Figures 2 and 3, we see this occur 
as particle size increase while density is held constant.  
 
 Circular Polarization Ratio 
The fourth panels of Figures 1 and 2 show the circular polarization ratios. These ratios 
appear more complicated than the linear polarization ratios, since multiple inflection points 
occur for smaller particles. As particle size grows, this structure becomes smoother and the 
dependence on particle density disappears. Within the backscattering region (Figure 2), a 
sharp maximum appears as kR increases. For kR > 100, the HWHM of this peak appears to 
remain nearly constant. In Figure 3 we present the circular polarization response in the exact 
backscatter (α = 0°), which is another easily measured remote-sensing parameter. Like the 
linear polarization ratio, the circular polarization ratio tends to be greater for the denser 
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4. Conclusion 
We have used the RT-CB method to examine the transition of light-scattering 
characteristics as particle size increases from being approximately the size of the wavelength 
to several hundred times that of the wavelength. Many of the properties do not undergo a 
smooth, monotonic transition. Properties associated with the coherent backscattering 
mechanism, for instance, may have a maximum at an intermediary region when the particle 
size kR ~ 100, and then approach a final value asymptotically. This asymptotic value 
corresponds with that of an extended, semi-infinite medium.  
One primary motivation for this effort was to determine the behavior of the linear 
polarization of scattered light from clusters of spheres as the cluster size increases. Such 
particles have been used for modeling cometary dust, and the inclusion of large particles, in 
the form of chunks of ice much larger than the wavelength, may have a significant impact on 
size-distributions retrievals. In any case, the shape of the negative polarization branch of large 
ensembles of fluffy, high-albedo objects in the solar system does resemble that of aggregate 
particles, and it is necessary to understand its dependence on particle size. Such pieces would 
be expected to have polarization signatures resembling those of an extended medium. 
Experimental studies have found similarities between slabs of particles and the single 
particles that make up these slabs [44-46]. While such a relationship may exist, the transition 
from single particle to extended medium is not simple. In our simulations we find that rather 
than a monotonically increasing polarization amplitude with increasing particle size, the 
amplitude of the negative polarization reaches a minimum of Pmin ~ -8% at kR ~ 100, 
followed by an asymptotically decaying polarization to Pmin ~ -2% for an extended medium. 
This suggests that the inclusion of large chunks of rock cannot account for the high level of 
negative polarization (Pmin ~ -6%) observed in the circumnucleus halo region. It also is 
consistent with the dial mechanism [31] and simulations of agglomerated debris particles [24]. 
One significant difference between the sparse agglomerates of spheres and the agglomerated 
debris particles is the size dependence of the minimum. For sparse agglomerates of spheres, 
this minimum occurs at significantly larger sizes (kR ~ 100) than for the agglomerated debris 
particles (kR ~ 10). It is not known whether this difference is the result of the morphological 
or size differences of the elements making up the cluster.  
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Figure 1: Light scattering by a spherical volume of particulate medium with a size 
parameter kR = 10, 30, 100, 300, 1000, 3000 (kR = 3000 is shown bold) populated 
with spherical particles of size kr = 1.76 and refractive index m = 1.50. The first 
column is for agglomerates having densities v = 3% (I) and the second is for v = 6% 
(II). The separate rows show, from top to bottom, the phase-function intensity, linear 
polarization, linear polarization ratio, and circular polarization ratio.  
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Figure 2: As in Fig. 1, but for the backscattering region.  





Figure 3: Plots of scattering parameters as a function of agglomerate size kR. Plots 
show magnitudes of a) Pmin, b) Pmax, phase angle positions of c) Pmin, d) Pmax, cross 
section of e) linear polarization µL and circular polarization µC at α = 0º.  Closed 
circles are for v = 3.0%, and open circles are for v = 6.0%.  
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